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Abstract

We develop a theory of inductive and coinductive session types in
a computational interpretation of linear logic, enabling the repre-
sentation of potentially infinite interactions in a compositionally
sound way that preserves logical soundness, a major stepping stone
towards a full dependent type theory for expressing and reasoning
about session-based concurrent higher order distributed programs.
The language consists of a A-calculus with inductive types and a
contextual monadic type encapsulating session-based concurrency,
treating monadic values as first-class objects. We consider general
fixpoint and cofixpoint constructs, subject to natural syntactic con-
straints, as a means of producing inductive and coinductive defini-
tions of session-typed processes, that until now have only been con-
sidered using general recursion, which is incompatible with logical
consistency and introduces compositional divergence. We establish
a type safety result for our language, including protocol compliance
and progress of concurrent computation, and also show, through a
logical relations argument, that all well-typed programs are com-
positionally non-divergent. Our results entail the logical soundness
of the framework, and enable compositional reasoning about useful
infinite interactive behaviors, while ruling out unproductive infinite
behavior.

Categories and Subject Descriptors D.3.3 [Programming Lan-
guages]: Language Constructs and Features—Concurrent program-
ming structures, Recursion; F.3.3 [Logics and Meaning of Pro-
grams]: Studies of Program Constructs—Program and recursion
schemes, Type structure

1. Introduction

We live in an age of concurrent software, meant to run not only
as local applications but as cooperating parts of larger, distributed
and mobile services, meant to run indefinitely with multiple inde-
pendent clients. It thus becomes necessary to be able to precisely
represent this concurrent cooperating behavior, in a way that is
amenable to compositional reasoning and verification, so that we
can ensure desirable properties of these services such as deadlock
freedom, protocol compliance, high availability. Historically, con-
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currency theorists have used process calculi as models for these
interactions, developing reasoning techniques for these languages
based on the precise identification of system behavior. A rather suc-
cessful technique has been that of session types [12—14]. Session
types structure message-based concurrency around the notion of a
session, which is a precise description of the interaction patterns
of two (or more) communicating agents with an intrinsic notion of
protocol state (e.g. input a string and then output an integer) and
duality. Thus, session types are a form of protocol descriptions that
can be statically checked for compliance.

Traditional session type systems typically include general re-
cursion, required to express infinitely unbounded exchange of mes-
sages occurring in a distributed system. Superficially, it might seem
that infinite behavior is already encodable using replication (which
is indeed the case in the untyped m-calculus [20]). In a typed set-
ting, replication can only capture finite session behavior that can be
repeated arbitrarily often. It is not rich enough to model infinite ses-
sion behavior, nor repeating behavioral patterns that depend some
evolving state. For instance, we cannot use replication to encode
an infinite ascending output of integers, since there is no way of
representing the statefulness of the behavior. Thus, the inclusion
of recursion is not optional in terms of expressiveness, and use-
fully complements replication. However, traditional session types
for (channel-passing, higher-order) distributed systems with recur-
sion fail to enforce the highly desirable property of non-divergence,
meaning absence of non-terminating internal (unobservable) com-
putations. Plugging together subsystems, for instance as a result of
dynamic channel passing or of linking downloaded (higher-order)
code to local services, may result in a system actually unable to
offer its intended services due to divergent behavior, even if the
component subsystems themselves are well-typed and divergence-
free.

The recent discovery of a correspondence between synchronous
session types and propositional linear logic in the style of Curry-
Howard [5], linking proofs with typed processes and proof reduc-
tion as communication, has sparked a renewed interest in session
types [24] and in the idea of exploiting this logical foundation to
provide more powerful reasoning techniques about concurrent and
distributed systems. This line of work has addressed concepts such
as value-dependent types [22], proof-carrying code [19] and behav-
ioral genericity [6], moving towards a more general type theory for
message-passing concurrency, with strong guarantees by virtue of
typing such as deadlock freedom and session fidelity.

Recently, a monadic integration of this linear logic interpre-
tation in a general A-calculus has been developed [23], enabling
concurrent and functional programs to be combined in a clean and
natural way. Moreover, this integration represents concurrent pro-
grams as first-class objects that can be passed in functions but also
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communicated and executed (mobile code), in the style of higher-
order processes, in a deadlock-free way. This monadic integration,
while closer to a more general theory of session-based programs,
has one significant limitation when compared to earlier work inso-
far as it foregoes the full logical foundation for the sake of expres-
siveness, by incorporating general recursive types (which are un-
sound from a logical point of view) and through them, divergence.

In this paper we overcome this challenge by developing a theory
of inductive and coinductive session types in a monadic integration
of a computational interpretation of linear logic that preserves logi-
cal soundness, a major stepping stone towards a full dependent type
theory for expressing and reasoning about session-based concurrent
higher order programs.

Our introduction of recursion remains faithful to proper logi-
cal principles, insofar as we restrict general recursive session types
to much more canonical inductive and coinductive session types
(and their corresponding definitions), recovering non-divergence
and establishing as a consequence the consistency of the under-
lying logical system. In addition to this fundamental result, our
development also has non-trivial practical consequences, since it
establishes by typing the compositional non-divergence of infinite
behaviors (i.e. there is no well-typed context under which a well-
typed infinite behavior will result in divergent behavior), which is
(together with global progress and protocol fidelity) an important
property of session-based systems out of the scope of existing ses-
sion type systems with recursive types.

Contributions The contributions of this work are as follows:

e We develop a theory of inductive and coinductive definitions for
concurrent higher-order synchronous processes embedded in a
A-calculus through a contextual monad.

We study natural syntactic restrictions that guarantee the prop-
erties necessary to establish fixpoint and cofixpoint constructs
as inductive and coinductive session-typed process definitions,
considering the general computational unfolding rules.

We show type safety of our type system, which entails protocol
compliance and deadlock freedom, even in the presence of
higher-order, inductive and coinductive concurrent programs.

e We prove that well-typed programs are compositionally non-
divergent by employing logical relations, extended to inductive
and coinductive session types, which combined with type safety
ensures that any well-typed, distributed service implemented in
our language will not only never “get stuck”, but will also never
become unavailable through divergent behavior.

2. Language

We now present our language, combining A-calculus and concur-
rent computation through a contextual monad that encapsulates
session-based concurrency (Fig. 1). We assume familiarity with the
A-calculus and its typical formulation. We assume less familiarity
with session types and process calculi, to which we devote more of
our presentation effort.

2.1 A-terms and Types

Our A-calculus is a typical A-calculus extended with inductive
types and the monadic type. At the level of A-terms (ranged over
by M, N), we have term constructors C and pattern matching (we
refer to patterns with p) for inductive types (note that no pattern
matching is possible on terms of monadic type), a constructor for
monadic process expressions a < {P} < b, where P is a pro-
cess expression. We use a to refer to any session channel, but
we syntactically distinguish between linear channels (c,z,y, 2)
and persistent channels (lu,!v,!w). In the monadic objects and

type, a denotes the offered session channel and the list b denotes
the used ambient channels. For the sake of presentation we omit
the ambient channel region when no such channels are used. We
also include fixpoint and cofixpoint constructs, fix f:7 = M and
cofix f:7 = M, respectively. Fixpoints allow for the definition of
functional objects of inductive type, and are the only construct that
allow us to define process expressions of inductive session type,
which represent repeating, but necessarily finite behavior along a
specific session channel. Cofixpoints are restricted to monadic ex-
pressions of coinductive type, and can be intuitively seen as coin-
ductive process definitions with (functional) parameters. Moreover,
cofixpoint definitions in our A-calculus are the only way we can
define process expressions of coinductive type, which correspond
to infinite, or potentially infinite, behavior along a specific session
channel.

We range over A-calculus types (Fig. 1) with 7, o, which include
the usual function types 7 — o, inductive types uX.7 (with
X occurring positively in 7), inductive type variables X and the
monadic type {b:A; - a:A}, where A is a session type.

2.2 Sessions and Process Expressions

As was highlighted in the introduction, session types are essentially
descriptions of communication behavior. Here, following the linear
logic interpretation, we use intuitionistic linear logic connectives as
the constructors for session types, which are assigned to channels.
Thus, a session type describes the communication behavior of a
process expression on a particular channel, over time. Since we
are in an intuitionistic setting, we make a distinction between the
ambient sessions (the left-hand-side context) and the session that
is being offered (this is key to ensure non-divergent behavior of
corecursive definitions). This is made explicit in the monadic type
{b:A; F a:A}, where the b:A; denotes the session context (a set
of channel identifiers and their respective types) in which a term of
the monadic type will be able to offer the session behavior A on
channel a. As we will see, this session context must be explicitly
provided in order for the monadic term to be executed.

Our syntax (Fig. 1) of session types (ranged over with A, B, C)
allows us to represent the following interaction behaviors (we use
linear logic syntax and terminology) along a channel: an inactive
or terminated session is represented by type 1, denoting a session
channel along which no further interaction is possible; a persistent,
replicated server offering behavior A an arbitrary number of times
is represented via the linear logic exponential !A; channel input
capability is expressed by linear implication A — B, denoting a
session that will input a session channel of type A and proceed as
a session of type B; dually, channel output capability is expressed
through multiplicative conjunction, A ® B, where A is the type of
the fresh channel that is output and B is the type for the remain-
der of the session; the communication of functional data (includ-
ing monadic objects) is expressed through the types 7 O A and
7 A A, where the former denotes a session that inputs a value of
type 7 and continues as A and the latter denotes the dual output
behavior; a (guarded) choice of behaviors is offered by a labelled
choice type &{l;:A; }, representing a session that waits on a choice
between the several session behaviors A;, distinguished with their
respective labels /;; dually, alternative behavior is denoted by the
@®{l;:A; } session type, identifying a session that after signaling
the appropriate label will proceed as specified by one of the ses-
sion types A;. Finally, inductive and coinductive session types are
represented with types ©X.A and v X. A, respectively, restricted to
strictly positive occurrences of X in A. As mentioned above, an in-
ductive session type denotes a repetitive finite behavior (where the
actual number of repetitions is undefined). Thus, a process expres-
sion implementing an inductive session will eventually reach an
inactive or terminated state (1). On the other hand, a coinductive
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AT.M | M N |z|case M of p; = N;

fix f:7 = M | cofix fi1 = M | a < {P} + b
C(M)

T 0| puXT1| X |{b:A+Fa:A}

e(M).P | e(2).(P| Q) | e(x).P | cl; P
ccase(l; = P;) | lu(x).P | [z <> y] | close.
waitc. P | spawn(M; d; a.P) | T {z).P

IA|A—-B|A®@B|T7DA|TANA|1

-
Sy
|

Figure 1. Syntax: Terms, Processes and Types

session type denotes a potentially infinite session, and so a process
expression implementing such a behavior is not guaranteed to reach
an inactive state. Non-divergence of coinductive sessions is thus
not equated with reaching an inactive state (termination per se), but
rather a guarantee that a coinductively defined process expression
will always have a finite sequence of internal actions before offer-
ing some behavior along its specified session channel.

Sessions are implemented by process expressions, the syntax of
which is specified in Fig. 1 and ranged over with P, (). Value out-
put and input (along channel c¢) is implemented by the constructs
¢(M).P and c(z).P respectively, where x is bound in the con-
tinuation process P. We note that communication actions are syn-
chronous, or blocking. Session channel output is implemented by
the expression ¢(z).(P | @), where x is always a fresh channel
name, P implements the required session behavior on channel x
and @ implements the continuation behavior (typing will ensure
disjointness of channel names between P and @). Channel input
is overloaded with the same input construct as before. Offering a
choice along channel ¢ is embodied by the c.case(l; = P;). where
each label represents one possible choice with its associated pro-
cess behavior P;. Performing a choice (or a signaling alternative
behavior) is done with the c.l; P construct, where [ is the label
representing the appropriate choice. Replication is always input-
guarded, so of the form !u(z). P, modelling a shared server spawn-
ing threads for client requests. Server invocations are performed
by the ;i (x). P construct, spawning a fresh server session instance
bound to x in P. These constructs correspond respectively to the
accept u(x) in P and request u(z) in P forms of [13].

We allow for channel forwarding [z <+ y], which essentially
consists of using an ambient channel to offer a service along an-
other channel (from a logical point of view, this corresponds to the
identity principle). We offer primitives for closing a session channel
(close.) and its dual wait.. P, which waits for termination of an am-
bient session channel and continues as P. Finally, we have a com-
position construct spawn(M; d; a.P), that given a monadic term
M will spawn its underlying process expression in parallel with
the process P, which will be able to interact through the (fresh)
channel a. Since our monad is contextual, M may require some
ambient sessions in order to actually execute, which are provided
via the d parameter of the construct (omitted when not used).

2.3 Operational Semantics

The operational semantics of our language are defined in a standard
way for both A-terms and process expressions. We define a call-by-
value reduction relation on both A-terms and process expressions,
written M — M’ and P — P’, respectively, whose rules are
given in Fig. 3 (we use V' to denote a term that has been reduced
to a value). We omit the compatible closure rules for the sake of
presentation. The normal forms for the A-terms are A-abstractions,

x ¢ fn(P) = P|(ve)Q = (va) (P|Q) P =0 Q=P=Q
PI{QIR) = (P|Q)| R PIQ=Q|P
(va)(vy) P = (vy)(va)P [y < 2l =[x ]

Figure 2. Structural Congruence

Az :7.M)V — M{V/z}

fix f =M — M{fix f = M/f}

cofix f = M — M{cofix f = M/f}

case ¢;(M) of ¢;(T7) = N; — N, {M/7;}

VC)(P | Q{V/z})
Y)-P | e(2).Q) — (ve) ) (P | Q{y/x})
(2).Q) —
(o) (vy)(P | Q{y/x} | lu(x).Q)
(ve)(ccase(l; = P;) | cli; Q) — (vo)(Pi | Q)
(ve)(close. | wait..P) — P
(va)(spawn(c + {P} «+ b;a;c.Q)) — B
_ (wova)(P{a/b} | Q)

(vw)(spawn(lu < {P} + lv; w; u.Q)) —

(vu) (vw) (tu(z). P{z/u,w/v} | Q)
(vz)(Py | [y <> ]) — P{y/x}
IfP=Pand P — Q and Q' = Q then P — Q

Figure 3. Reduction: A-terms and Process Expressions

constants and, crucially, monadic terms. Note how the reduction
rules for fixpoints and cofixpoints have no special restrictions in
place, as one might perhaps expect in a language that is terminat-
ing (at least for the rule governing cofix). In fact, both rules are
identical. The difference is in the well-typed objects one can define
using the two constructs, which for fix will always denote finite be-
havior, but for cofix may not. However, unrolling a cofixpoint as
specified in the reduction rules is not problematic since we restrict
the form of cofixpoint definitions in such a way that the occurrence
of f in M will be under a monadic constructor (which is a normal
form). Moreover, the reduction rules for process expressions are the
typical reduction rules for a synchronous m-calculus with guarded
choice, which do not allow for reductions under prefixes. These
rules arise naturally from the logical interpretation as cut reduction
steps, closed under a structural congruence relation that captures
fundamental structural equivalences (Fig. 2).

The rules for the spawn construct capture the process compo-
sition principles of our framework. Given a monadic value ¢ <+
{P} + b, the construct spawn(c + {P} « b;a;c.Q) will ex-
ecute P and @ in parallel, instantiating the channel names b in
P with the actual ambient channels @ necessary for P to run, en-
abling the two processes to interact along the fresh channel c. For
the case where we are spawning a persistent session (used in @
accordingly), the spawn operational semantics must compose the
two processes by guarding P with a replicated input along the fresh
channel u. To clarify the behavior of spawn, we exhibit a sample
reduction below,

(va)(a(0).close, | spawn(c < {b(x).c(z).waity.close.} < b; a; c.P))
— (va)(ve)(a(0).close, | a(z).c(x).wait, .close. | P)

The monadic term expects a channel b along which to input a value

that will be output along c. At runtime, b is instantiated with the

actual channel a, as specified in the operand of spawn, resulting in

a process that will synchronize along the channel @ and then send

the value along c to P.

In the remainder of this paper we write = as the reflexive
transitive closure of —. We also write P | (resp. M |}) when P
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(resp. M) is non-divergent, that is, no infinite sequence of reduction
steps exists starting from P (resp. M).

We also define a labelled transition system for process expres-
sions, which is key to defining our linear logical relation. The rules
define a so-called early transition system, specifying how processes
interact with their environment, and are detailed in Fig. 4.

2.4 Coregular Recursion and Guardedness

How exactly can we define a recursive (be it inductive or coinduc-
tive) process in our framework, given that we have no recursion
primitives in the process expression language? Previously, we men-
tioned that this was achieved through the fix and cofix constructs
of our A-calculus, but how exactly do we make a recursive call?
Given that we can only define process expressions in the A-calculus
through the monad (and thus with an object of monadic type), the
only way to actually perform the recursive call is in a spawn oper-
ation. However, spawning a monadic object is done along a fresh
session channel, so to “close the loop” and have the recursive call
continue on the initial session channel we must employ a forwarder.

The reader may wonder how we obtain a non-divergence re-
sult if recursive calls are spawned in parallel, potentially allowing
for recursive processes to become “infinitely wide” (in the coin-
ductive case). The answer to this question is twofold: for inductive
definitions, we require all recursive calls to be performed on struc-
turally smaller arguments, which is similar to the syntactic restric-
tions imposed in functional programs; for coinductive definitions
we impose two syntactic restrictions that approximate productivity:
coregular recursion and guardedness. These are related to the syn-
tactic restrictions imposed in (terminating) coinductive functional
programs in Coq [21], wich require recursive calls to occur under a
constructor and as a top level subterm of the constructor [10]. In our
setting, since session types are not defined in terms of constructors,
these conditions do not apply.

Coregular recursion restricts the occurrence of the recursion
variable in such a way that it can only occur in a terminal position
in a process expression. Since recursive calls are made through the
spawn construct, this means that the recursive must appear in a
spawn in which the continuation is a forwarder, linking the channel
of the recursive call back to the session that is being offered.

Guardedness requires at least one action on the channel that is
being offered before the recursive call is made (guardedness fur-
ther ensures that corecursive definitions are always functions that
produce monadic objects). The precise definitions of guardedness
and coregular recursion are given below. The former is presented
as a predicate Guarded(P;c), stating that occurrences of f in P
are guarded wrt session channel ¢ (we use Guarded ¢ (M c) as the
compatible extension to A-terms); the latter is presented as a predi-
cate coreg ;(M).

Definition 2.1 (Guardedness). We state that a corecursive pro-
cess definition cofix f = M is guarded if M is of the form
\z.c + {P} < d and satisfies the inductively defined predicate
Guarded (P; c) (Fig. 5).

Definition 2.2 (Coregular Recursion). We state that a corecursive
definition cofix f:7 = M, written coregf(M) satisfies coregu-
lar recursion whenever occurrences of f in M are of the form
spawn(f N;d; z.[z <> c]).

For instance, the term below satisfies both guardedness and
coregular recursion,

cofix f = Azx.c < {d(n).c(n).spawn(f z;d;y.[y <> c])} < d
whereas M5 is not guarded but coregular, and M3 is neither:

Ms & cofix f = Az.c < {d().spawn(f z;d;y.[y <> c])} < d

M3 £ cofix f = Ax.c + {spawn(f z; y.spawn(fx; z.[z <> ]))}

Guardedness ensures that a coinductive definition can always
offer an action, since process expressions are always defined as
offering a session on a channel and using some session context.
As we will see in the following section, closed, well-typed pro-
cess expressions have a single free (observable) channel name —
the one along which they offer its session behavior. Therefore, to
ensure productivity of a coinductive process we must enforce that
only a finite number of internal actions can take place before an
observable process action is made on the session channel. This is
reasonable since process actions are synchronous, and thus block-
ing. Coregular recursion is necessary to disallow “infinitely wide”
processes (an unbounded number of parallel compositions of the
recursive process) and situations where processes that run in par-
allel with the recursive call, in some sense, destroy productivity of
the coinductive definition. For instance, the process expression My
below,

My 2 cofix f = Ax.c + {c().spawn(f z; d;e.e().[e <+ c]} + d

superficially seems non-problematic, since it offers an action on
the offered channel c before the recursive call. However, after the
spawn operation, the continuation will always consume the previ-
ously offered action and therefore the process will “loop” after per-
forming the first output action. Intuitively, our guardedness restric-
tion is the analogue of constructor guardedness in the functional
setting, whereas coregular recursion is the analogue to requiring
that recursive calls occur as a top level subterm of a constructor.

2.5 Type System

Having established the necessary conditions that guarantee the
well-formedness of inductive and coinductive definitions in our
setting, we now present the full type system of our language. We
assume a signature of declarations of inductive types 3, which
is well-formed if each declaration is strictly positive and well-
typed. In this simply-typed setting this is rather simple and we
omit the details of this for conciseness. The typing rules for our
language are given in Fig. 6. We define two typing judgments:
U:I'; A b5 P :: z:A for process expressions and ¥ Fx M :
7 for A-terms. In the former, A is a linear context of session
channels and I' is a persistent context of session channels, whereas
W is an intuitionistic context which tracks variables of A-terms.
The meaning of the former typing judgment is that the process
expression P will provide the session behavior of type A along
channel z when composed (through spawn, cut and cut', which
enforce composition with name hiding) with processes providing
the (linear) sessions specified in A and the (persistent) sessions
specified in I', with free term variables specified in ¥. We recall that
inductive and coinductive types have strictly positive occurrences
of the type variable.

Typing \-terms The rules for A-terms are somewhat straightfor-
ward. The rule for the case construct requires the type of the term
that is being case analyzed to be some inductive type I with a con-
structor matching the pattern. We elide a more precise characteri-
zation of pattern matching (such as exhaustiveness checking) since
it is rather orthogonal to the work we develop here and is a well-
understood topic, given that we do not allow pattern matching over
coinductive objects (nor process expressions in general). The rule
for constants simply looks up the appropriate type in the signature
and verifies the types for subterms accordingly.

The rules for inductive types are the usual equi-recursive rules.
The rule for the cofixpoint construct follows the pattern we have
previously described. It enforces that the definition is both guarded
and that recursion is coregular. Moreover, it restricts the type of
the corecursive expression to be a function with a monadic domain
type, essentially making a cofixpoint a corecursive process defini-
tion with parameters. The monadic introduction rule {}I simply
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Figure 4. Labelled Transition System

Q,x - Guarded¢(P;c) €,z Guarded(M;c)

Q,x - Guarded s (P;c) Q,x - Guarded;(Q;c)

Q,z + Guardedy(P;c)

Q F Guarded ¢ (z(M).P; c)

Q, z - Guarded ¢ (Po; ) Q, z - Guardedf (Pr;c)
Q F Guarded s (z.case(l; = P;);c)

Q,u F Guarded ¢ (P;¢) ceQ f¢fn(M)

Q F Guarded(z(a).(P | Q);¢)

Q F Guarded ¢ (z(y).P; c)

Q,z F Guarded¢(P;c) Q,u - Guarded ¢ (P;c)

Q F Guarded (.15 P; c)
Q F Guarded¢(Q; ¢)

Q F Guarded ¢ (lu(z).P;c)
QF Guardedf(M;c) QF Guardedy(Q;c)

Q + Guardedf (u1(a).P;c)
Q F Guarded; (P;c)

Q - Guarded ¢ (spawn(f M; d; z.P);c)

Q - Guarded ¢ (spawn(}M; d; .Q); ¢)

Q F Guarded ¢ (waity . P; ¢)

Q F Guarded ¢ (closey; c)

Q F Guarded ([z > y; ¢)

Figure 5. Guardedness Predicate

checks that the process expression P is well-typed in the appropri-
ate contexts, which are generated from the channel list in the type
specification by a simple syntactic check (lin(a;) denotes the linear
channels in the specification and un(a;) the persistent ones).

Typing Process Expressions The rules governing process expres-
sions are fundamentally the rules of a proof term assignment for
intuitionistic linear logic sequent calculus using a two context re-
gion (one linear, another unrestricted) formulation, extended with
the monadic elimination rules and rules for an intuitionistic form
of conjunction and implication, which correspond to term output
and input. The rules are divided into so-called right rules (marked
with R), which specify how a process expression can offer a partic-
ular session type; left rules (marked with L), which determine how
a process may use an ambient session of a given type; and struc-
tural rules, which pertain to the nature of the hypothetical judgment
such as the id, copy and cut rules. The id rule maps to our chan-
nel forwarding construct, whereas the cut rules map to a notion of
composition plus hiding. Intuitively, cut composes two processes
P and @ that interact along a channel = according to the session A.
Since @) expects the full behavior A, the composition must restrict
the scope of = to only the two processes, so that no other process
may use interfere with the behavior A.

We highlight a few process typing rules: the ®R rule specifies
that to offer A ® B along channel ¢ we must output a (fresh) chan-
nel y along ¢ and then produce a process P, offering A along y
and another process ) which offers B along c. Note that the chan-
nels of P and @ are disjoint due to the multiplicative context split.
Dually, to use an ambient channel ¢ of type A ® B we must input
some channel z along c, after which c will be offering behavior B
and z the behavior A. The remaining process rules follow similar
patterns. We highlight the rules governing replication, where the !R
rule requires the linear context to be empty (otherwise replication
would violate linearity), the !L rule simply moves the left hand side
channel to the appropriate context region and the copy rule which

triggers replication. We now focus on the monadic elimination rules
{}L and { };L. The {}L rule allows us to spawn the underlying pro-
cess of a monadic term M, offering A along c, in a way that mimics
closely the cut rule (in fact, this rule is justified meta-theoretically
as reducing to an instance of cut). However, since our monad is
contextual, the underlying process of M is not necessarily closed
and so can only be executed in the appropriate context, as specified
by the monadic type. Thus, for the monadic elimination form to be
well-typed we must provide a list  of channels which implement
the required context. Doing so enables the process P to be able to
use ¢ as a session of type A. Just as the {}L rule corresponds to a
cut, the {}1L corresponds to cut'. The rule is identical to the {}L
rule, but focuses specifically on monadic objects that offer persis-
tent channels, composing it accordingly with P which will have
available the behavior A on a persistent channel u. Note that our
operational semantics forbid actions on P until M is fully evalu-
ated to a monadic object and the actual composition takes place.

2.6 Examples

We detail some examples showcasing the expressiveness of our
language. To do so in a way that is more pleasant to read, we opt for
a less austere notation and some stylistic conventions (as in [23]),
which can be easily written in the syntax of the previous sections.

Given that processes are monadic objects, we will use a do style
notation, with each process action written in the form,

x <- action [channel] [parameters]; Q

where Q is the continuation process (when one is required), action
denotes the operation performed by the process (along channel,
with some parameters), binding its result to x in Q, when one
exists. We often omit the semi-colon and use new lines to clearly
separate the continuations. The constructors with no continuation
are forwarding (fwd x y) and termination (close c). The spawn
construct is written as,
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Figure 6. Typing Rules
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c <- f M<-4d;Q

encoding the process expression spawn(f M; d; c.Q). When writ-
ing corecursive process definitions we use the notation,

c <- name x <- d = {P}

to represent the term cofix name = Ax.c < {P} < d (we omit
<- d when the contextual region of the monad is empty). Since
all well-typed corecursive processes must have only instances of
coregular recursion, meaning that after a recursive call we must
necessarily have a forwarder to the offered session channel,

natstream = nat /\ natstream

f : nat -> {c:natstream}
c<-fM=4{_ < output ¢ M
d<-fM
fwd ¢ d}

we use the shorthand ¢ <- £ M for the last two process ac-
tions. The process definition above consists of a corecursive pro-
cess implementing a session of type vX.nat A X along chan-
nel ¢, given a natural number M: an output stream of natu-
ral numbers. We represent the choice and alternative behavior
session types, &{li=A1,lo=A2} and ®{l1i=A1,lo=As}, as
Choice{11:A1 , 12:A2} and Or{11:A1 , 12:A2}, respec-
tively. Selection of a label [ on c is written c.1. The corresponding
case construct for a channel c offering a choice type (or using an
alternative behavior type) is written as:

case c of 11 =>P1 , ... , 1n => Pn

We use output x {d <- P};Q as the process construct that cor-
responds to session channel output, for which we write the type
as A*B. P denotes the process offering A along the fresh channel d
and @) the continuation, offering B. Finally, we use x <- copy 'u
to denote the invocation of the server on channel !'u, bound to x.

We detail the following extended examples: First, we present a
process network implementation of a binary bitwise counter, where
each node in the network implements a single bit of an arbitrary
length bit string, encoded using a little endian representation, that
can only communicate with its neighbor processes. This example
showcases a rather general design pattern that we use throughout
our examples and is an alternative implementation of the bit counter
of [23], with the key difference that this definition has coregular
recursion, whereas the one in [23] does not. Our second example
highlights the difference between recursion and replication. Our
final example is a simple implementation of a process network in
a tree topology, allowing for parallelized implementations of map
and reduce operations on data.

2.6.1 Little Endian Bit Counter

Our first example implements a coinductive counter protocol offer-
ing three operations: we can poll the counter for its current integer
value; we can increment the counter value and we can terminate the
counter. The protocol is encoded via the following session type,

Counter = Choice(val:int /\ Counter,
inc:Counter,
halt:1}

The type Counter is a coinductive session type because we do not
want to impose an upper bound on the counter value, which would
be necessary if it were an inductive type.

Our implementation of Counter consists of a network of com-
municating processes, each process node encoding a single bit of
the binary representation of the counter value in little endian form
(we can think of the leftmost process in the network as representing

the least significative bit). These network nodes can communicate
with their two adjacent bit representations, whereas the top level
coordinator for the counter communicates with the most significant
bit process (and with the client), spawning new bits as needed. The
protocol for the network nodes is thus given by the following coin-
ductive session type (we use => for D):

CImpl = Choice{val:int => int /\ CImpl,
inc:0r{carry:CImpl, done:CImpl},
halt:1}

The protocol is as follows: to compute the decimal value of the
bit network, each node expects to input the decimal value of the
node to its right (i.e. the more significant bit), update this value
with its own contribution and propagate it down the bit network.
When the last bit is reached, the final value is sent back through the
network to the client. To increment the value of the counter, given
the little endian representation, we must propagate the increment
command down the network to the least significant bit, which
will flip its value and either send a carry or a done message
up the chain, flipping the bits as needed (a 1 bit receiving carry
will flip and propagate carry, whereas a 0 bit will flip and send
done, signaling no more bits need to be flipped). If the top level
coordinator receives a carry message we must generate a new
bit node. The type and code for the node process is given below.
Notice how Node is a valid coinductive definition: recursive calls
are guarded by an action on n and coregular.

Node : int -> {x:CImpl |- n:CImpl}
n <- Node b <- x =
{ case n of

val => x.val
m <- input n
_ <= output x (2*m+b)
m <- input x

_ <- output n m
n <- Node b <- x
inc => x.inc

case x of
carry => if (b=1) then
n.carry
n <- Node 0 <- x
else
n.done

n <- Node 1 <- x
done => n <- Node b <- x
halt => x.halt
wait x
close n}

The coordinator process interfaces between the clients and the
bit network, generating new bit nodes as needed. Again, we note
that Coord meets our criteria of a valid coinductive definition.

Coord : unit -> {x:CImpl |- z:Counter}
z <- Coord () <- x =
{ case z of
val => x.val
_ <- output x O
n <- input x
_ <- output z n
z <= Coord () <- x
inc => x.inc
case x of
carry => n <- Node 1 <- x
z <= Coord () <- n
done => z <- Coord () <- x
halt => x.halt
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wait x
close z}

The only remaining component is the representation of the
empty bit string epsilon, which will be a closed process expres-
sion of type x:Impl, implement the “base cases” of the protocol.
For polling the value, it just ping pongs the received value. For in-
crementing, it just signals the carry message. We can then put the
Counter system together by composing epsilon and Coord.

epsilon:unit -> {x:CImpl}
x <- epsilon () =
{ case x of

val =>n <- input x
<- output x n
<- epsilon ()
.carry
<- epsilon ()
halt => close x}

inc =>

Mo M

z <- Counter =
{ x <- epsilon ()
z <- Coord () <- x}

This example exhibits a more general pattern, where we have an in-
terface protocol (in this case Counter) that is then implemented by
a lower level protocol through some network of processes (CImpl),
similar to abstract data types and implementation types, but here
from a concurrent/distributed protocol perspective.

2.6.2 Replication and Recursion

In this example we highlight the differences between replication
and recursion by specifying an App Store-like replicated service.
The store offers a variety of different applications, themselves
concurrent programs that rely on a remote API. Each store instance
sends its client the application of choice as a monadic object and
then terminates. The client can then run the application (in this
scenario, all applications rely on a remote API, but the weather
application also relies on a GPS module). The session types for the
app. store and the weather app. are as follows:

Weather = Or{sun:Weather ,
rain:Weather , cloudy:Weather}
AppStore = !Choice{weather: payInfo =>
{d:API,g:GPS |- c:Weather} /\ 1,
travel: payInfo =>
{d:API |- c:Travel} /\ 1,
game: payInfo =>
{d:API |- c:Game} /\ 1}

The App Store service is represented as a replicated session,
since each Client-Store interaction is a separate, independent ses-
sion with a finite behavior, even though the store itself is a persis-
tent service that can be accessed by an arbitrary number of clients.
On the other hand, the weather application offers a coinductive ses-
sion that can continuously inform the client of the current weather
conditions.

Below we show the code for a client that downloads and runs
the weather application, by appealing to some library function
to enable its GPS module and then plugging all the components
together (the GPS module interface along channel g, the API on
channel d and the application itself, bound to w) and executing the
received application through the spawn operation.

ActivateGPS : unit -> {g:GPS}
WeatherClient : unit ->

{!u:AppStore,d:API |- c:Weather}
c <- WeatherClient () <- !u,d =

{ s <= copy 'u
<- s.weather
w <- input s
<- wait s
g <- ActivateGPS ()
c <-w<-d,g}

2.6.3 Computation Trees

We have seen how to represent networks of processes in a chain-
like topology in the example of Section 2.6.1. An obvious question
is if our framework is general enough to encode more sophisticated
topologies. Here, we show that this is indeed the case by represent-
ing a network of processes with a tree topology, where each process
holds a piece of data (for simplicity, this data is an integer).

PTree = Choice{go:0r{some:int /\ (PTree * PTree)
none:1}
halt:1}

In this particular example, the type PTree denotes a session which
offers two operations: go gives us access to the process tree node,
which can either either be a leaf (none) or a node (some); whereas
halt terminates the entire process tree outright.

map : (int -> int) -> {y:PTree |- x:PTree}
x <-map f <-y = {

case x of
go => y.go
case y of

some => x.some
v <- input y
z <- input y
<- output x (f v)
_ <- output x {d <- map f <- z}
x <-map f <-y
none => x.none

wait y
close x
halt => y.halt
wait y
close x }

Using this process tree network, we can easily encode a parallel
version of a map on the tree, where some function £ is applied to
each node in a given network (accessed through channel y). The
key point is the structure of the recursive calls, each done on a
separate, independent, computation branch.

We can also encode a parallel fold operation on the process
network, that reduces the tree topology to a single value (of type
b) and outputs this value. We define fold inductively (using a
fixpoint, not a cofixpoint), by using an additional natural number
argument which represents the maximum depth of the process
tree that will be explored. Thus our fold operation takes a natural
number n which is the decreasing argument, the reduce function £
and the initial reduction value z, and will produce a process that
given a process tree along x will output the resulting reduction
along c and terminate.

fold : nat -> (int -> b -> b -> b)
-> b -> {x:PTree |- c:b /\ 1}
c <- foldn f z <- x =
case n of
s(m) => { x.go
case x of
some => v <- input x
y <- input x
cl <- foldm f z <-y
c2 <- foldm f z <- x
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rl <- input cl
r2 <- input c2
_ <~ output c (f v r1 r2)
close c

none => _ <- output c z
wait x
close c}

0 => { x.halt

_ <- output c z

wait x

close c }

We define fold inductively since it allows us to maximize the
parallelism, by performing the two recursive calls in parallel, which
is not an instance of coregular recursion.

2.7 Type Safety

Type preservation for our language follows from a simulation be-
tween process reductions and proof conversions that arise naturally
in the proof theory of linear logic, again ensuring our interpretation
is not arbitrary but deeply connected to the dynamics of proofs. The
proof itself follows very closely that of [5], requiring a series of re-
duction lemmas, relating process reductions with parallel composi-
tion through the cut rule. One such representative lemma is given
below (Lemma 2.3).

Lemma 2.3. Assume

(a) U;T; Ay FP::m:A@BWithPM)P'

(b)) U;T5 Ag,z:AQ B Q :: 2:C with Q M Q'
Then: U;T; A1, Ag = (vx) (P Q') = 2:C
Theorem 2.4 (Type Preservation).

o [fU;IAEF P zzAand P — Q then V; T A F Q = z: Al
o [fU - M:tand M — N then ¥ F N:T.

Traditionally, session typed languages either do not satisfy
progress, or require sophisticated technical machinery to establish
progress through causal dependency analysis [7]. In our logically
grounded setting, we not only have global progress but we can also
carry the proof through in a straightforward way. The proof is an
extension of that in [5], requiring a series of inversion lemmas and
the following notion of /ive process. For any process expression P,
live(P) if and only if P = (vm)(7.Q | R), for some process R, a
sequence of names 7, and a non-replicated guarded process m.() or
P = (vn)(spawn(M;m; c.QQ) | R). Liveness essentially excludes
closed sessions and residual replicated server processes.

Theorem 2.5 (Progress).

o [f T A P x:A and live(P) then 3Q s.t. either P — Q
orP 2% Q.
e . M:T then either M — N or M is a value.

Our statement of progress for process expressions is slightly
different from that of [5] (ours is closer to what they call contextual
progress), which defines progress as the ability of /ive processes of
type z:1 to always have an internal action (no labelled actions are
available due to the type). In the presence of coinductive processes,
restricting the type A to 1 is not be general enough, since we cannot
in general type (vy)(P | @) :: x:1 with P :: y:vX.B, for some
B, since no () can fully use the behavior of P if it is infinite.

3. Logical Relations

We now build up the necessary technical machinery to show that
all well-typed programs in our language are non-divergent. We do

so using a logical relations argument, combining logical relations
for A-calculi with the linear logical relations of [6] for process
expressions, extended to the inductive and coinductive setting. As
usual, we define a logical predicate that implies non-divergence
and show that all well-typed terms (and process expressions) are in
the predicate at the appropriate types. This means that not only do
our session-typed programs adhere strictly to the specified session-
behavior in a deadlock free way, but they do so without engaging
into an infinite sequence of computations, despite the fact they may
encode infinite behavior.

We begin by defining a notion of reducibility candidate on typed
A-terms and process expressions. These consist of sets of terminat-
ing terms (resp. processes) satisfying natural closure conditions.

Definition 3.1 (Reducibility Candidates - Terms). Given a type T,
a reducibility candidate at type T, written R[T] is a set of terms
with the following properties:

1. If M € R[r] then -+ M : 7.

2. If M € R[7] then M .

3. IfM € R[r]and M — M' then M' € R|[1].
4. If M € R[r]) and My — M then My € R[T].

Definition 3.2 (Reducibility Candidates - Process Expressions).
Given a type A and a name z, a reducibility candidate at z: A, writ-
ten R[z:A] is a set of process expressions satisfying the following
properties:

1. If P € Rlz:A] then ;-;- = P :: z:A.

2. If P € R[z:A] then P |.

3. If P € R[z:A] and P = P’ then P' € R|[z:4]

4. If for all P; such that P = P; we have P; € R[z:A] then
P e R[z:Al

We refer to R[—: A] as the collection of all sets of reducibility
candidates at (closed) type A. Similarly for candidates for A-terms,
for which we use R[7].

The logical predicate uses the following extension to structural
congruence with the so-called sharpened replication axioms [20].

Definition 3.3. We write =, for the least congruence relation
on process expressions which results from extending structural
congruence = (Fig. 2) with the following axioms:

L (vu)(lu(z).P | (vy)(Q | R)) = (vy)((vu)(lu(z).P | Q) |

(vu)(lu(2).P | R))

L wu)(tu(y).P | (70)(0()Q | R))
= (vo)((w(z)-(vu)(lu(y).-P | Q)) | (vu)('u(y).P | R))
3 (vu)(tu(y)-Q | P) =1 P ifud fn(P)

Intuitively, = allows us to properly “split” processes: axioms
(1) and (2) represent the distribution of shared servers among pro-
cesses, while (3) captures garbage collection of shared servers
which can no longer be invoked by any process. We note that =,
expresses sound behavioral equivalences in our typed setting.

Logical Predicate 'We define a logical predicate on terms and pro-
cesses by induction on types and the size of typing contexts in the
case of processes. Intuitively, the predicate captures the computa-
tional behavior of non-divergent terms and process expressions, as
defined by their typing. The definitions are mutually inductive but
we separate them into the three cases for ease of presentation and
readability. For open well-typed terms W = M:7, we take a substi-
tution v that is compatible with W, assigning to variables recorded
in W closed terms in the logical predicate at the appropriate type,
and so we can restrict ourselves to the predicate on closed terms
by applying v to M, written (M ). We note that the definition is
well-founded since either the type or the context gets smaller.

Definition 3.4 (Logical Predicate - Terms). For any type T we
define L[7] as the set of all terms M such that M} andt= M : T,
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where w is a mapping of type variables to reducibility candidates,
satisfying the rules of Fig. 7.

The interesting rules in Def. 3.4 are the ones defining the in-
terpretation of inductive types X .7 and of the monadic type. The
former consists of the intersection of all candidates v at the appro-
priate type containing the terms in the interpretation of 7 in which
X is mapped to 1 itself, essentially defining a (meta-level) induc-
tion principle, justified by a fixpoint theorem which we shall estab-
lish later; the latter requires that a term in the predicate at monadic
type reduce in a finite number of steps to a monadic value, with
some underlying process expression P that is required to be in the
logical predicate at its appropriate session typing.

Definition 3.5 (Logical Predicate - Open Process Expressions).
For any typing V;T; A + T with a non-empty left hand side
environment, we define L[V;T'; A + T, where w is a mapping
from type variables to reducibility candidates, as the set of process
expressions inductively defined by the rules of Fig. 8.

The definition of the logical predicate for open processes induc-
tively composes the process with the appropriate witnesses in the
logical predicate at the types specified in the three contexts.

Definition 3.6 (Logical Predicate - Closed Process Expressions).
For any type T' = z:A we define L [T as the set of all processes
P such that P\ and -;-;- = P :: T satisfying the rules of Fig. 9.

The definition of the predicate for closed process expressions
is an extension of the logical predicate of [18]. The cases for the
propositional connectives of linear logic, interpreted as session
types, capture the observable behavior of the process as specified
by its type in a very precise way, ignoring internal actions (this is
also known as weak observations). For instance, the predicate at
type z:A —o B contains all processes that can offer an input along
z of a fresh channel y (after an arbitrary but finite number of 7-
actions), such that the resulting continuation when composed with
a process in the logical predicate at type y: A will be in the predicate
at type z: B. The remaining connectives follow an identical pattern,
maintaining the invariant of only considering closed processes. For
the term input type, we require that for any term in the logical
predicate at the appropriate type 7, the process must be able to offer
an input action such that the process resulting from inputting such
a term will itself be in the predicate at the continuation type z:A.
Dually, for the term output type we require that the process have an
output capability of a term in the predicate at type 7, resulting in a
process in the logical predicate at the continuation type z:A.

The interpretation of inductive session types X . A is the inter-
section of all process reducibility candidates W at the appropriate
inductive type containing the interpretation of z: A, with X mapped
to W. Notice how W is not bound to z outright, which is the key dif-
ference from the interpretation of inductive types. This is related
to the fact that session types are offered along specific channels,
which we do not know a priori (e.g. a corecursive call will always
spawn a process on a fresh channel), therefore we must delay the
particular choice of the channel until the appropriate point (which is
the recursive type variable). The interpretation of coinductive ses-
sions ¥ X.A is, in some sense, dual. We interpret coinductive ses-
sion types as the union of reducibility candidates 1 at the appro-
priate coinductive type that are in the interpretation of the session
type A, when X is mapped to ) itself. Just as the interpretation
of inductive types enables a form of meta-level induction through
a (pre) fixpoint, the interpretation of coinductive types enables a
form of meta-level coinduction through a (post) fixpoint.

Having defined the logical predicate, we need to establish cer-
tain soundness conditions required to show the so-called funda-
mental lemma (i.e. all well-typed terms and process expressions
are in the logical predicate). We begin by establishing that the log-

ical predicates satisfy the reducibility candidate criteria of Defini-
tions 3.1 and 3.2.

Theorem 3.7 (Logical Predicate is a Reducibility Candidate).

e L[1] C R[7].
o L]z:A] C R[z:A]

The interpretations of inductive and coinductive types are effec-
tively least and greatest fixpoints of a monotone operator. The op-
erator in question consists of a mapping (indexed by an open type)
between sets of reducibility candidates, taking a set of reducibility
candidates s to the interpretation of the open type, where the type
variable is mapped to s. We define two such operators, one for types
in the A-calculus (Def. 3.8) and another for session types (Def. 3.9),
showing that the interpretation of inductive and coinductive types
is a least (resp. greatest) fixpoint of the respective operators.

Definition 3.8. Let uX.7 be a strictly positive type. We define the
operator ¢~ : R — R as:

$r(s) & L2 [r]

Definition 3.9. Let unX.A or vX.A be a strictly positive session
type. Let ¢4 : R — R defined as:

pa(s) 2 £ 4)

To establish the fixpoint properties we need to first show that the
operators are monotonic. Recall that an operator ¢ is monotonic if
s C s' implies ¢(s) C ¢(s'), for any s, s'.

Lemma 3.10 (Monotonicity of ¢, and ¢ 4). The operators ¢ and
¢ A are monotonic.

By making key use of Lemma 3.10 we can establish that in-
deed, the interpretation of inductive and coinductive types satisfies
the appropriate fixpoint properties (proofs are available in the sup-
plementary materials).

Theorem 3.11 (Least Fixpoint - Inductive Types).
LOpX 7] is a least fixpoint of ¢-.

Theorem 3.12 (Least Fixpoint - Inductive Session Types).
LOz:uX Al is a least fixpoint of P a.

Theorem 3.13 (Greatest Fixpoint - Coinductive Session Types).
Lz X. A is a greatest fixpoint of d a.

We need one final piece of machinery in order to show the
fundamental lemma, which relates syntactically unfolded inductive
(and coinductive types) to the interpretation of the open type when
the type variable is mapped to the appropriate logical predicate,
establishing a form of compositionality.

Theorem 3.14 (Compositionality). Let uX.A, vX.B and uX.t
be well-formed types. The following properties hold:

® Pe LYzA{uX.A/X}]iff P € LoX LY [mnX ALl 4
o Pe LYzA{vX.A/XY}] iff P € Lo LY =X Al 4]
o M e LY {uX. /XY iff M € LoX L2 X rll7]
We are now in a position to show the fundamental lemma, that
all well-typed terms and process expressions are in the logical

predicate, from which follows that all well-typed programs in our
language are non-divergent.

Theorem 3.15 (Fundamental Lemma). IfV = M:7and ¥;T'; A -
P :: z: A then for any mapping i s.t. x:1o € U iff Y(z) C L]ro]:

L (M) C L[r]
2. PC LW T A F 2:A]

The proof proceeds by mutual induction on the given typing
derivation, making key use of Theorem 3.14 in the cases for the
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M € w(X)

1> 11> 1> 11>

{M | M = Xx:7.M' and VN € L¥[r].M'{N/z} € L?[o]}
M e N{¢ € RluX.7] | LF~¥I[r] C 4}

{M | M = a+ {P}+ aand P € £¥[shd(a:4;); lin(a:A;) - c:A]}

Figure 7. Logical Predicate - Terms (See Definition 3.4)

Pe LYW,z T AT
Pe A y: AT
Pe LN wA;AFT)

iff

iff VM e L[r].P{M/z} € L[¥;T; A+ T)
VR e LY
iff VReL¥

J.(vy)(R| P) € LYl A H T

[y:A
[y:Al.(vu)(lu(y).R | P) € LY A R T

Figure 8. Logical Predicate - Open Process Expressions (See Definition 3.5)

U{¥ € R[—wX.A] | U C LK~ Y 20 A
N{¥ € R[—:uX.A] | £LFK~Y[2:4] C ¥}

{P|VP'(P= P'ANP /)= P = close.}
{P|VP'y.(P 2N P =vQ e LY[y:Al.(vy)(P' | Q) € £L*[2:B]}

P) =

AP, Po(P' = Py | Py APy € L2[y:A] A Py € £9[2:B])}

LY zvX.A] L

LO]z:pX A 2

£o[:X] = () ()

L9]z:1] S

L9][z:A — B £

L9[zA® B L (p|yPy.(p Y
L]z:14] L

LY &l = Ai}] =

Loz {li =AY =

Loz A A] 2 qp|vP.(p 2 py
Lz D A] 2

{P|VP' .(P= P')= 3P.(P' = 2(y).P1 A P\ € LY[y:A])}
(PN, (VP .(PZ5 P = P € £9]zA)])}

(P A, (VP (PZ5 Py = P € £¥zA)])}

= (M € L[f] A P’ € £2[z:A)])}
(P|VP' ,M.(M € £l A P2 Py = P e £9]2:A]}

Figure 9. Logical Predicate - Closed Process Expressions (See Definition 3.6)

rules for inductive and coinductive types. We only sketch the proof
(the details can be found in the companion material). The technical
aspects of the proof for the fragment of the language that is not
specific to inductive and coinductive definitions follow that of [18]
for the process expression setting. Intuitively, we define a notion of
logical representative of the dependencies that are denoted by the
typing contexts, enabling us to compose an open process with these
representatives and restrict our reasoning to closed processes.

The more challenging aspects of the proof pertain to the cases
for fixpoint and cofixpoint constructs, which allow us to define in-
ductive and coinductive processes through the contextual monad.
For the fixpoint construct, we exploit the fact that all instances of
the recursive occurrence of the fixpoint variable are in applications
to structurally smaller arguments in some inductively defined struc-
ture, allowing for an inner induction on the size of the argument
to discharge the required proof obligation. This is justified by the
fact that fixpoints, even when defining recursive processes, are al-
ways “counting down” on some inductively defined structure. For
the cofixpoint construct, we take advantage of the fact that a core-
cursive definition is essentially a coinductive session-typed process
P with (A-term) parameters. Since the interpretation of coinduc-
tive types v X . A is a greatest fixpoint (Theorem 3.13), we close the
proof through a coinductive argument: we generate a set of pro-
cesses Cp, containing P, show that Cp is a reducibility candidate
at vX.A and that Cp C L% 7CPI[2: A]. This is a sufficient con-
dition because we have established that £[c:vX.A] is the largest
such set. Showing that Cp satisfies this condition relies crucially
on coregular recursion, which enforces that the unfolding of the
coinductive type is offered by the recursive call, followed by a for-
warder, reducing to a process in Cp (roughly, P itself).

Corollary 3.16 (Non-Divergence).

o [f U - M:T then M |}
o [fU:T; A P::z:Athen P

Combining type safety and termination we show that typing
enables strong guarantees on concurrent programs in the presence
of rich language features such as mobile code, and potentially
infinite stateful behavior. A well-typed program will always be
able to fulfill its protocol: no divergence can take place, nor can
any deadlocks occur. Moreover, these properties are compositional,
ensuring that any (well-typed) composition of services produces a
deadlock-free, non-divergent service.

4. Related Work

From the perspective of more traditional work on session typed
languages, our language has some similarities to that of [17],
which presents two session typed calculi for higher-order pro-
cesses. The key differences are the absence of recursive defini-
tions (even general recursive types), and the lack of a logical foun-
dation, which greatly simplifies the metatheory and allows us to
establish progress, which they do not. There is also no similar non-
divergence result for their system, nor are we aware of any such
result for higher-order session typed languages. For the first-order
setting, [25] establishes a strong normalization result for action
types, which are similar to session types, but the theory itself is
substantially more complex due to the lack of a logical foundation.

The particular issues related to inductive and coinductive ses-
sion types have to the best of our knowledge been overlooked in
the literature, which typically deals with general recursive types
and definitions [8, 13, 14] and so is inherently non-divergent in na-
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ture. In this regard our work is closer to that on termination for
A-calculi with inductive and coinductive types [1]. For instance,
[16] develops a strong normalization result for the second-order
A-calculus with explicit inductive and coinductive types using log-
ical relations. Besides the obvious differences due to the language
itself, their model of the A-calculus is untyped and moreover the
terms of inductive and coinductive type are generated using recur-
sor and corecursor constants, following the standard encoding of
inductive and coinductive types in System F, whereas we use fix-
point definitions subject to syntactic restrictions. These restrictions
are related to those developed in [9, 10] for the Coq proof assistant,
but with some fundamental differences (discussed in Section 2.4).
Strong normalization proofs for such definitions exist in various
forms, mostly in work related to proving consistency of the Calcu-
lus of (Co)Inductive Constructions [4, 15], the underlying theory of
Coq. The work on type-based methods for ensuring termination has
been generalized to include inductive and coinductive definitions in
the style of Coq [11] (although the proof of strong normalization is
substantially more complex due to the expressive power of CIC and
type annotations). It is not clear if it is possible to adapt these type-
based methods to our session typed setting since type annotations
are a measure of the size of “values”, which do not apply to pro-
cesses. Similar difficulties arise when considering copatterns [2, 3]
that seem to be inherently tied to the term structure.

From the logic based approach to session typed programming,
our work is related to [24], which develops a logical interpreta-
tion of session types using second-order classical linear logic and
a polymorphic session-typed functional language similar to that of
[8], that is inherently linearly typed, and does not consider primi-
tive inductive or coinductive sessions. We opt for a stratified system
using our contextual monad, isolating linearity to the process ex-
pression layer, and work in an intuitionistic framework. The latter
is particularly important given our goals of developing a full depen-
dent type theory. Moreover, the stratification using the contextual
monad is not a purely stylistic design choice, since it also plays a
role in making the future transition to dependent types simpler by
avoiding the need to have coinduction in the functional theory.

5. Concluding Remarks

We have presented a theory of inductive and coinductive defini-
tions for session-typed higher order concurrent programs, with a
sound logic foundation based on intuitionistic linear logic, estab-
lishing strong guarantees of deadlock freedom, session fidelity and
compositional non-divergence by typing.

The work set forth in this paper is a fundamental stepping stone
towards the development of a dependent type theory rich enough to
allow us to express and reason about concurrent session-based pro-
grams. These programs are in most cases inductive or coinductive
in nature, and are typically studied using coinductive proof tech-
niques. In type theory, coinduction can raise some issues since it is
difficult to obtain both strong normalization and subject reduction
with dependent pattern matching and the lazy evaluation of codata.
Since in this work we establish process expressions as coinductive
objects, in a future move to a dependently typed setting we may
potentially be able to use them as witnesses to coinductive proofs,
hopefully avoiding the some of the challenges of coinductive types
in type theory since we do not require restricted reduction rules for
cofixpoints to preserve non-divergence, nor allow pattern matching
on processes. The final step that we need to develop is a defini-
tional equality of coinductive process expressions that is expressive
enough for our needs. Naturally, this equality must be sound wrt an
extensional typed equivalence for processes, such as that of [6, 18].
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